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The adiabatic charge pumping of a non-equilibrium state of spinless fermions in a one-dimensional
lattice is investigated, with an emphasis placed on its usefulness in revealing many-body interaction
effects on interband coherence. For a non-interacting system, the pumped charge per adiabatic
cycle depends not only on the topology of the occupied bands but also on the interband coherence
in the initial state. This insight leads to an interesting opportunity for quantitatively observing how
quantum coherence is affected by many-body interaction that is switched on for a varying duration
prior to adiabatic pumping. In particular, interband coherence effects can be clearly observed
by adjusting the switch-on rates with different adiabatic pumping protocols and by scanning the
duration of many-body interaction prior to adiabatic pumping. The time dependence of single-
particle interband coherence in the presence of many-body interaction can then be examined in
detail. As a side but interesting result, for relatively weak interaction strength, it is found that
the difference in the pumped charges between different pumping protocols vanishes if a coherence
measure defined from the single-particle density matrix in the sublattice representation reaches its
local minima. Our results hence provide an interesting means to quantitatively probe the dynamics
of quantum coherence in the presence of many-body interaction (e.g., in a thermalization process).
I. INTRODUCTION
Recent experiments on ultracold atoms platforms
have made it possible to manipulate and con-
trol non-equilibrium dynamics of quantum many-body
systems1–7. A practical way to excite a many-body
system from its equilibrium ground state to a non-
equilibrium state is through quantum quenches, i.e. a
sudden change of parameters in its Hamiltonian8–11.
The quantum evolution dynamics of the non-equilibrium
states can remain coherent for long time due to
the almost perfect isolation of the atoms from their
environment12–14. It is expected that a non-equilibrium
initial state evolves towards thermal equilibrium for
generic isolated quantum systems unless many-body lo-
calization emerges15–24. Yet, theoretical description for
several aspects of this process remains challenging, since
many well-established theoretical methods for equilib-
rium systems fail in the non-equilibrium regime25, e.g.
How does the system finally thermalize, or is that possi-
ble to extract any memory of the initial state? Explicitly
how does the quantum coherence of a non-equilibrium
initial state evolve? These are important questions be-
cause quantum coherence is a fundamental feature of
quantum mechanics and underpins a plethora of fascinat-
ing phenomena in various areas of physics26–30 and even
biology31–33. Therefore, the detailed dynamics of the
quantum coherence in thermalization processes is worth
investigating.
Thouless pumping demonstrates a profound concept
in condensed matter physics, as it establishes a deep
connection between the band topology and quantum
transport34,35. Thouless considered an equilibrium state
uniformly occupying all the bands below a Fermi sur-
face, then the charge transported over an adiabatic cycle
is equal to the summation of the first Chern numbers of
all the occupied bands. This discovery shares the same
topological origin as the integer quantum Hall effect36,37.
Experimentally, the Thouless pumping was observed in
ultracold atoms platforms38–40. A generalized Thouless
pumping41–43 takes into account the interband coherence
of the initial state, due to which, besides the topologi-
cal contribution, an additional component in the adia-
batic charge pumping appears. This additional compo-
nent can be continuously and extensively controlled in
experiments44.
In this study, we show that through the generalized
Thouless pumping, it is possible to reveal the detailed
dynamics of the single-particle interband coherence in
the presence of many-body interaction. Starting with
the ground state of a non-interacting Hamiltonian Hi,
we quench one of its parameters to a different value
to prepare a non-equilibrium state of the post-quenched
Hamiltonian Hf . Meanwhile, we also propose to switch
on an interacting term in the post-quenched Hamilto-
nian. Let the state evolve under Hf over a time interval
(0, τ ], then we take the time-evolved many-body state as
the initial state of an adiabatic charge pumping proto-
col, which is implemented by a time-dependent Hamil-
tonian Hm(t). The many-body time evolution duration
τ will be scanned, thus we can investigate the detailed
dynamics of the interband coherence. Here Hm(t) acts
as a probing tool used in adiabatic pumping and hence
there is no need for us to introduce many-body interac-
tion to Hm(t). We computationally investigate the inte-
gral of the local current flown from one unit cell to its
nearest neighbor in periodic boundary condition (PBC)
as the amount of pumped charge per cycle. An impor-
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2tant physical insight is the following: for the same ini-
tial state that our adiabatic pumping starts with, the
contribution from the interband coherence to the charge
pumping dramatically changes by choosing driving pro-
tocols with different switch-on rates. Though this piece
of physics that is only known recently41–43, it becomes
possible to "see" how single-particle interband coherence
is affected by many-body interaction. Interestingly, it is
found that the interband coherence can display an oscil-
lating behaviour instead of simply decaying to its thermal
value, for a range of τ < τc, where τc is the approximate
relaxation time inferred from the evolution of the en-
tanglement entropy and the nearest-neighbor correlation
function. As such, the generalized Thouless pumping can
be employed to detect the amount of quantum coherence
of interacting many-body states during a thermalization
process. The proposed scenario also makes it possible to
connect experimental observable (pumped charges in dif-
ferent protocols) with abstract coherence measures. In-
deed, comparing the results of the adiabatic pumping
with a coherence measure defined from the single parti-
cle density matrix in the sublattice representation (which
is not in the band representation), we find that the dif-
ference in the amount of pumped charges between differ-
ent protocols vanishes when the single-particle coherence
measure we examined reaches its local minima in regimes
of relatively weak interaction.
This paper is organized as follows. In Sec. II, a spinless
fermionic tight-binding model is introduced, and the pre-
quenched, post-quenched and adiabatic pumping Hamil-
tonian are specified in real space basis. We also briefly de-
rive the expectation value of the current in the adiabatic
charge pumping. In Sec. III, we present the numerical
results of the adiabatic pumping of the system after the
quench with and without an interaction term separately,
revealing the dependence of the pumped charge on the
driving protocols. This is compared with computational
studies of a single-particle coherence measure. Finally,
we summarize our results and discuss some motivating
questions in Sec. IV.
II. STAGE OF OUR ANALYSIS: MODEL,
ADIABATIC PUMPING, ENTANGLEMENT
ENTROPY, AND COHERENCE MEASURE
A. Model
The system considered here is the Rice-Mele model45
with the following tight-binding lattice Hamiltonian:
Hi =−
L−1∑
l=0
[Ji + (−1)lδ]
(
c†l cl+1 + H.c.
)
+∆
L−1∑
l=0
(−1)lc†l cl. (1)
!" !# !$(&)& ≤ 0 0 < & ≤ τ , < & ≤ , + .
Prepare the initial 
state using the ground 
state of !" Quench from !" to !#with many-body interaction turned on Probe the coherence via adiabatic pumping through !$(&)
FIG. 1. Schematic representation of the entire time evolution
of the system.
Here cl/c
†
l is the spinless fermionic annihilation/creation
operator at site l. Ji is the hopping amplitude, δ rep-
resents the amount of staggering in the hopping ampli-
tude, and ∆ describes an energy bias between the sublat-
tices. Throughout this paper, we consider the half-filling
scenario with periodic boundary condition (PBC), i.e.,
cL = c0. Note that in this system, each unit cell has two
sublattices.
In experiments, a quantum quench can be implemented
through a sudden change of one of the Hamiltonian’s pa-
rameters. Besides, a nearest neighbor interaction in the
Hamiltonian, i.e., U
∑L−1
l=0 nlnl+1 where nl = c
†
l cl is the
particle number operator at site l, may be also switched
on along with the quench. Based on these considerations,
we separate the time evolution of the system into three
stages, each of which is governed by a different Hamil-
tonian as schematically shown in Fig. 1. Hf and Hm(t)
will be specified shortly.
H(t) =

Hi t ≤ 0
Hf 0 < t ≤ τ
Hm(t) τ < t ≤ τ + T
, (2)
At time t ≤ 0, the system is in the ground state of Hi.
At t = 0, we quench the system’s parameters and let it
evolve under the post-quenched Hamiltonian Hf , given
by
Hf =−
L−1∑
l=0
[Jf + (−1)lδ]
(
c†l cl+1 + H.c.
)
+∆
L−1∑
l=0
(−1)lc†l cl + U
L−1∑
l=0
nlnl+1, (3)
where U is the strength of the interaction. After evolv-
ing the system under Hf over the time interval (0, τ ],
we will obtain a non-equilibrium many-body state pos-
sibly with interband coherence. We then take this state
to execute an adiabatic charge pumping under another
Hamiltonian Hm(t), given by
3Hm(t) =−
L−1∑
l=0
[Jf + (−1)lδ′(t)]
(
c†l cl+1 + H.c.
)
+∆′(t)
L−1∑
l=0
(−1)lc†l cl. (4)
Here time dependence is introduced in the parame-
ters δ′(t) = Rδ cos(2piβ(s)) and ∆′(t) = R∆ sin(2piβ(s)),
where Rδ,∆ > 0. β(s) ∈ [0, 1] denotes a function of
s, which specifies the driving protocol to be studied.
s = t−τT ∈ [0, 1] is the scaled time and T is the total time
duration of the adiabatic pumping. Notice that only Hf
involves an interacting term, whereas Hm(t) is designed
to be non-interacting, in order to preserve the quantum
coherence in the adiabatic pumping.
B. Adiabatic pumping
Over one period T , the pumped charge from site l to
l+1 can be expressed as the integral of the instantaneous
local current Jl(t) at the cross section between site l and
site l + 1,
Ql(T + τ, τ) =
∫ T+τ
τ
Jl(t)dt, (5)
where Jl(t) = 〈ψ(t)|Jˆl(t)|ψ(t)〉 is the expectation value
of the local current operator Jˆl(t). Note that the local
current operator is time-dependent because of the para-
metric temporal dependence in δ′(t). Explicitly, using
the continuity equation,
Jˆl(t)− Jˆl+1(t) = −i[nˆl, Hˆm(t)], (6)
we have
Jˆl(t) = i[Jf + (−1)lδ′(t)](c†l cl−1 −H.c.). (7)
To obtain the number of pumped charge per cycle, we
integrate the expectation value of current over the period
T ,
Ql(T + τ, τ) =
∫ T+τ
τ
〈ψ(t)|Jˆl(t)|ψ(t)〉dt, (8)
with |ψ(t + τ)〉 = Um(t + τ, τ)|ψ(τ)〉. Here setting
~ = 1, Um(t + τ, τ) = Tˆ e−i
∫ t+τ
τ
Hm(t
′)dt′ , and |ψ(τ)〉 =
Uf (τ, 0)|ψ(0)〉 with Uf (τ, 0) = e−iHfτ . Note that Ql is
dependent on the site index, but independent on the unit
cell index under PBC, and here we are interested in the
intercell current, i.e. current flown from unit cell to its
nearest neighbor unit cell. Setting T in the adiabatic
limit and using the transnational invariance of the sys-
tem, we can convert the above equation into the form,
Ql(T + τ, τ) =
∫ T+τ
τ
dt
∑
k
jl(k, t). (9)
Here, k is the quasi-momentum, and jl(k, t) is the ex-
pectation value of the single particle current operator,
defined as
jl(k, t)=
∑
k∈BZ
〈φ(k, t)|jˆl|φ(k, t)〉
=
1
N
∑
k∈BZ
〈u(k, t)|∂kHˆ(k, t)|u(k, t)〉, (10)
with H(k, t) being the single particle Hamiltonian in mo-
mentum space, |φ(k, t)〉 = |k〉 ⊗ |u(k, t)〉 the single parti-
cle Bloch state, and N is the number of particles in the
system.
We adopt the reparameterization s = t−τT for ease of
notation in this section. A generic initial state in a non-
interacting n-band model is of the form
|u(k, s)〉 =
∑
n
an(k, s)e
−iT ∫ s
0
εn(k,s
′)ds′ |un(k, s)〉,(11)
where |un(k, s)〉 and εn(k, s) satisfy the instantaneous
eigenvalue equation
H(k, s)|un(k, s)〉 = εn(k, s)|un(k, s)〉. (12)
Here, |µn(k, s)〉 is assumed to be in a parallel-transport
gauge, i.e.,
〈µn(k, s)|µ˙n(k, s)〉 = 0, (13)
where the dot denotes the derivative w.r.t. s.
Substituting Eq. (11) into the time-dependent
Schrödinger equation
i
∂
∂s
|u(k, s)〉 = TH(k, s)|u(k, s)〉, (14)
we have
a˙m(k, s) =
−
∑
n 6=m
an(k, s)e
iT
∫ s
0
ωmn(k,s
′)ds′〈um(k, s)|u˙n(k, s)〉,
(15)
where ωmn(k, s) ≡ εm(k, s)− εn(k, s). Solving this equa-
tions with adiabatic perturbation theory yields
am(k, s) = am(k, 0) +
1
T
∑
n 6=m
an(k, 0)Wmn(k, s
′)|s0,
(16)
with
Wmn(k, s) = i
〈um(k, s)|u˙n(k, s)〉
ωmn(k, s)
eiT
∫ s
0
ωmn(k,s
′)ds′ .
(17)
For later reference, note that
Wmn(k, s) ∝ 〈um(k, s)|u˙n(k, s)〉
= 〈um(k, s(β))|dun(k, s(β))
dβ
〉dβ
ds
. (18)
4TABLE I. Driving protocols of the adiabatic pumping and
their switching-on rates
Protocols Switch-on Rates
βC(s) = 1− cos(pis/2) 0
βL(s) = s 1
βS(s) = sin(pis/2) pi/2
βF (s) = (
√
s+ 1
25
− 1
5
)/(
√
1 + 1
25
− 1
5
) (
√
1 + 25 + 1)/2
Now, inserting Eq. (16) into Eq. (9), we obtain, after
some algebra41,42,
Ql(T + τ, τ) = QTP +QIM +QNG +QIBC, (19)
with
QTP =
1
2pi
∑
n
∫ pi
−pi
dk
∫ 1
0
dsρn(k, 0)Ωn(k, s), (20)
QIM =
T
2pi
∑
n
∫ pi
−pi
dk
∫ 1
0
dsρn(k, 0)
∂εn(k, s)
∂k
, (21)
QNG =
1
pi
∫ pi
−pi
dk
∫ 1
0
ds
∑
m<n
Im[a∗m(k, 0)an(k, 0)
×〈um(k, s)| ∂
∂k
un(k, s)〉], (22)
QIBC =− 1
pi
∑
m 6=n
∫ pi
−pi
dk
∫ 1
0
ds
∂εm(k, s)
∂k
×Re[a∗m(k, 0)an(k, 0)Wmn(k, 0)]. (23)
Here, m,n are energy band indices, ρn(k, 0) is the popu-
lation of the n-th energy band, and Ωn(k, s) is its Berry
curvature, defined as
Ωn(k, s) = i〈∂sun(k, s)|∂kun(k, s)〉+ c.c. (24)
Clearly, QTP is a weighted sum of integrals of Berry
curvature and therefore has a topological origin. Fur-
thermore, QIM and QNG are independent of the switch-
on rate of the adiabatic driving field, whereas QIBC is
sensitive to it, since Wmn(k, 0) is related to the switch-
on rate dβds |s=0 at the start of the adiabatic protocol [see
Eq. (18)]. Note also that the term QIBC manifests certain
quantum coherence in the energy band representation av-
eraged over the quasimomentum k, as it contains the off-
diagonal density matrix elements in this representation
at each individual values of k.
C. Entanglement entropy and coherence measure
To monitor the dynamics of coherence in the presence
of many-body interaction, we may examine the entangle-
ment entropy between the left half and the right half of
FIG. 2. Left/Right panel: probability distribution
ρi(0)/ρf (0) on two bands along the quasi-momentum of the
initial state before/after quenching of systems. Parameters
adopted are δ = 0.85, ∆ = 0, and Ji = 1/Jf = −1.
the system. It is defined as
Sent(t) = − 1|A| trA[ρA(t)logρA(t)]. (25)
The subsystem A is the left half of the system, with
|A| = L/2 and the reduced density matrix ρA(t) =
trAc |ψ(t)〉〈ψ(t)|. On the other hand, note that the re-
source theory of coherence has been put forward, based
on which a number of coherence measures has been
proposed46. To quantify the single-particle interband co-
herence, we resort to the l1 norm of coherence, defined
as
C(t) =
1
N
∑
k
∑
µ6=ν
|ρµν(k, t)|+ |ρνµ(k, t)|. (26)
Here, ρµν(k, t) is the single-particle density matrix
(SPDM), expressed as
ρµν(k, t) = 〈ψ(t)|c†µ,kcν,k|ψ(t)〉, (27)
where c†µ,k is the fermionic creation operator at quasi-
momentum k for the sublattice site indexed by µ in
each unit cell. It is worth noting that the l1 norm
of coherence can be estimated in experiments by other
means47. Here, we shall connect this coherence measure
with charge pumping which is also experimentally acces-
sible in a rather direct way.
III. RESULTS AND DISCUSSIONS
In this section, we numerically simulate the adiabatic
charge pumping in our system, and the time evolution of
the many-body states is computed with the Python pack-
age QuSpin48. We initialize the state of our system at the
many-body ground state |ψi〉 of the pre-quenched Hamil-
tonian Hi, with system parameters Ji = 1, δ = 0.85,
∆ = 0, and L = 14 at half-filling. To introduce interband
coherence into the initial state, we quench one of the sys-
tem’s parameters J suddenly from Ji = 1 to a different
value, say, Jf = −1 in Hf . In the basis of the post-
quenched Hamiltonian Hf , the state |ψi〉 populates both
the valence and conduction bands. In Fig. 2, we show
5the probability distribution ρ(t = 0) of the initial state
on the two bands of the pre-quenched and post-quenched
Hamiltonians as a function of the quasi-momentum k.
Starting from |ψi〉, the evolving state undergoes the
evolution governed by Hf for a time interval (0, τ ]. Fi-
nally, the evolved state |ψ(τ)〉 = Uf (τ, 0)|ψi〉 is adiabati-
cally pumped under Hm(t) with Rδ = 0.85 and R∆ = 2.
To study the influence of switch-on rates on the adiabatic
pumping, we adopt four different driving protocols β(s),
as summarized in Table I. The protocol βF (s) has the
largest switch-on rate. Therefore it should introduce the
largest QIBC to the pumping charge. On the contrary,
the protocol βC(s) has a vanishing switch-on rate. Thus
QIBC should be vanished for this protocol. In the follow-
ing, both non-interaction quench (U = 0) and interaction
quench (U 6= 0) will be investigated. We will show that,
apart from the non-interaction terms in Hf , the effect of
many-body interaction on the dynamics of the interband
coherence can be revealed through adiabatic pumping by
varying τ .
A. Non-interaction Quench, U = 0
Setting U = 0 in Hf , here we present the numerical
results of the pumped charge Q vs. τ , with different
driving protocols plotted in the left panel of Fig. 3. We
observe that at different τ , the interband coherence of
the many-body state is manifestly revealed by the differ-
ences in the amount of pumped charges between different
driving protocols with a varying switch-on rate. Roughly
speaking, the difference in the charge pumped caused by
the switch-on rate of the adiabatic protocol acts as a
strong witness of the interband coherence in the system.
That is, one driving protocol alone cannot directly reveal
the coherence effect explicitly, but two or more driving
protocols with different switch-on rates will directly tell
if there is considerable interband coherence effect left in
the system. Remarkably, from our computational studies
we observe that there are some special points (in terms
of τ) at which different driving protocols yield the same
amount of pumped charges. That is, if we let the system
evolve for such τ values, the contribution from the inter-
band coherence is vanishing. It can be inferred that in the
absence of any many-body interaction, the contribution
from interband coherence effect to adiabatic pumping is
oscillating. This is consistent with the expression of QIBC
shown above, which contains the off-diagonal matrix el-
ements that are expected to be oscillating with the free
evolution time τ .
To connect the physics of interband coherence as man-
ifested by these special time points in the duration of
evolution, we study the dynamical behavior of a different
single-particle coherence measure of the state, as defined
in Eq. (26). We find that these special time values corre-
spond to the local minima of this second coherence mea-
sure that depicts the coherence between two sublattice
sites, as can be seen in the right panel of Fig. 3. Note
FIG. 3. Left panel: numerical results of the adiabatic pump-
ing with different driving protocols. Right panel: dynamical
behavior of the coherence measure in the sublattice represen-
tation. Here parameters are set as Jf = −1, Rδ = 0.85 ,
R∆ = 2 in Hm(t) and Jf = −1, δ = 0.85, ∆ = 0, U = 0 in
Hf .
that the oscillation behaviour of the results again resem-
bles to the Rabi oscillation in a non-interacting two-level
system. In fact, when U = 0, the quasi-momentum k is a
good quantum number under PBC. We can interpret the
system as a collection of independent two-level systems
at each k point. With a proper choice of parameters, we
obtain two bands with small curvature and nearly uni-
form band gap along the quasi-momentum k. Thus it
can be expected quantum coherence for different k in the
sublattice representation oscillates at almost the same
frequency and the oscillation period is indeed consistent
with the band gap of our system as well as the oscilla-
tion period of QIBC. This understanding also indicates
that, in the presence of bands with large curvature, the
interband coherence contribution to pumping, QIBC, and
the coherence measure C(t) (both as certain k-averaged
quantities) will display certain damped oscillations even
without any interaction effect or decoherence effect (that
is, the phases of oscillations in the off-diagonal elements
in energy-band representation and in the sublattice rep-
resentation will be scrambled). To distinguish this effect
as much as possible from the many-body interaction ef-
fect we aim to examine, we have attempted to optimize
the system’s parameters in order to reach a regime where
the two bands of Hf are nearly flat. It is due to this sub-
tle treatment, that the oscillation amplitudes of C(τ) and
the interband coherence contribution to adiabatic pump-
ing do not appreciably decay, as shown in Fig. 3. This
feature will be compared with cases if we switch on the
many-body interaction in Hf .
B. Interaction Quench, U 6= 0
Besides quenching one of the parameters in the Hamil-
tonian, we can also study quenches in the presence of
interactions U 6= 0. To do this, we consider the quench
with U ≤ 2 and expect the system to thermalize un-
der the many-body evolution Hamiltonian Hf during the
time interval (0, τ ], i.e., the non-equilibrium initial state
evolves towards an equilibrium distribution. In this ther-
malization process, memories of the initial state tend to
6FIG. 4. Left panel: entanglement entropy density between
the left half part and the right half part of the system as a
function of time τ for different interaction strength U . Right
panel: short time behavior of the nearest-neighbor correlation
functions for different interaction strength U in Hf . Other
parameters adopted are Jf = −1, δ = 0.85, ∆ = 0 in Hf .
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FIG. 5. Top Left/Right panel: numerical results of the adi-
abatic pumping with different driving protocols with U =
1/U = 2 in Hf . Bottom Left/Right panel: dynamical behav-
ior of the coherence measure in the sublattice representation
with U = 1/U = 2 in Hf . Other parameters set here are
Jf = −1, Rδ = 0.85 , R∆ = 2 in Hm(t) and Jf = −1,
δ = 0.85, ∆ = 0 in Hf .
be washed out gradually, and the final state is expected
to be a featureless thermal state with little interband co-
herence left. We can monitor this thermalization process
with the entanglement entropy and the nearest-neighbor
correlation function.
In Fig. 4, we present the entanglement entropy density
between the left half and the right half parts of the sys-
tem, and the correlation function as a function of time
τ for different interaction strength U . From the behav-
iors of these two functions, we deduce that it should be
sufficient to consider the time interval (0, τ ] with τ ≤ 5,
as the entanglement entropy is almost saturated and the
nearest-neighbor correlation function is roughly steady
for τ ≥ 5 (with some revivals however). The numerical
results of the adiabatic charge pumping with different
pumping protocols and the dynamical behavior of the
coherence measure of the many-body states with U = 1
and U = 2 in Hf are presented in Fig. 5.
From Fig. 5, it follows that the overall differences in
the pumped charges between different pumping protocols
are appreciably decreasing with the duration of many-
body interaction time τ . This is in clear contrast to
the non-interaction quench scenario where the differences
between different pumping protocols remain significant.
Thus, the charge pumping differences induced by differ-
ent switch-on rates of the various pumping protocols do a
good job in manifesting the dynamics of quantum inter-
band coherence. With this understanding, results in the
upper panels of Fig. 5 indicates a clear decreasing trend
in the differences between different pumping protocols,
thus showing clearly an overall decrease in the under-
lying single-particle interband coherence in the system
as τ increases. These results agree well with the time
dependence of the different coherence measure C(t) pre-
sented in the bottom panels in Fig. 5, where C(t) is also
seen to decrease with many-body interaction time. Phys-
ically, each individual particle in the system is in the
presence of a bath composed of other interacting parti-
cles and as a consequence, the off-diagonal elements of the
SPDM are expected to decay as a characteristic feature of
thermalization. For sufficiently long time of many-body
interaction, contributions from single-particle interband
coherence to charge pumped are expected to diminish,
as also seen from the upper panels of Fig. 5, where al-
most all the considered pumping protocols produce the
same result. Furthermore, both the coherence measure
(bottom panels of Fig. 5) and the pumping charge differ-
ences between different protocols (upper panels of Fig. 5)
continue to exhibit an oscillatory behaviour on top of
their overall decay. That is, the oscillatory behavior of
the single-particle interband coherence effect gives rise to
similar observable effects in the adiabatic pumping out-
come with different protocols. This strengthens the view
that adiabatic pumping with initial state coherence can
be exploited to study detailed dynamics of the quantum
coherence. In addition, we can also examine the first
few local minima of the coherence measure vs. the time
points at which different pumping protocols give the same
results. It is observed that for U = 1, there is an excel-
lent correspondence of the local minima of the coherence
measure and the time points at which different driving
protocols give the same result, as shown in the left panels
of Fig. 5. However, in the right panel of Fig. 5 for U = 2,
this interesting correspondence can still be seen but it is
not as beautiful as in the case of U = 1. Because adia-
batic pumping is affected by interband coherence (hence
coherence in the energy-band representation) and the co-
herence measure C(t) depicts certain coherence in sub-
lattice representation, we do not expect after all a quan-
titatively simple relation between C(t) and the interband
coherence effect in adiabatic pumping.
IV. CONCLUSION
In conclusion, we have found that the detailed dynam-
ics of single-particle interband coherence in the presence
7of many-body interaction can be revealed through adia-
batic charge pumping with different pumping protocols.
This is possible because the contributions of the inter-
band coherence to adiabatic pumping can be adjusted
by considering different pumping protocols with different
switch-on rates. Thus, quantum coherence can not only
be characterized by some theoretical measures, it can be
also witnessed by physical observables (pumped charges
in our case here). Of particular interest and enhancing
this claim, we find that even the oscillating behavior of
one quantum coherence measure is well echoed by the
oscillating differences in adiabatic pumping between dif-
ferent protocols. It is also observed that, at least in the
regime of relatively weak interaction strength, when the
coherence measure reaches its local minima as we scan
the many-body interaction time, all different pumping
protocols give the same adiabatic pumping results. This
offers an experimentally feasible means to track the ab-
stract coherence measure with the aid of adiabatic charge
pumping. We also note that the dynamics of the k-
averaged coherence measure based on SPDM in sublat-
tice representation can only be witnessed well if the bands
are relatively flat. Finally, we have not explored regimes
of strong interaction because other physics might emerge
there. It may be also interesting if one considers disor-
der quenches where thermalization is not guaranteed and
many-body localization (MBL) may emerge. If there is
MBL, then the dynamics of interband coherence with
MBL would be also a promising topic.
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